
A guided tour of machine learning (theory)

Lorenzo Rosasco
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AI everywhere (literally...)
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The state of affairs

Rethinking machine learning:
I with statistical mechanics
I with information theory
I with tropical geometry
I ...
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Outline

The paradigm of learning from examples

Statistical learning theory (and optimization)

A theory crisis?
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The basic picture

(xi,yi)
n
i=1 7→ f : X→ Y
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Fixing a model

w ∈ Rp 7→ fw

fw(x) =

p∑
j=1

wjφj(x)

fw(x) =

p∑
j=1

βjσ(a>j x+ αj),
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Model fitting

min
w

1

n

n∑
i=1

(fw(xi) − yi)
2

w has o�en millions of parameters...data are o�en (much) less!

”With four parameters I can �t an elephant, and with �ve I can make him wiggle
his trunk”

von Neumann:
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Learning is not (just) fitting, but prediction

(x2, y2)

(x3, y3)

(x4, y4)
(x5, y5)(x1, y1)

Predictions from random and noisy samples
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Learning pipeline

Model fitting (regularized)

ŵθ = argmin
‖w‖6θ

3

n

n/3∑
i=1

(fw(xi) − yi)
2

Model tuning

θ̂ = argmin
θ

3

n

2n/3∑
i=n/3+1

(fŵθ(xi) − yi)
2

Model assessment

3

n

n∑
i=2n/3+1

(fŵ
θ̂θ
(xi) − yi)

2
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Classic vs data driven modeling

I Paradigm shi� in modeling, driven by data availability.

I Careful pipeline needed.

I Theoretical guidance needed.
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ML theory

I Representation: ”Which model?”

I Generalization: ”How accurate is my model?”

I Optimization: ”How can I compute my model?”
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Outline

The paradigm of learning from examples

Statistical learning theory (and optimization)

A theory crisis?
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Statistical machine learning

I (X, Y) ∼ P random variables in Rd × R, and (x1,y1), . . . , (xn,yn) ∼ P
n.

I ` : R× R→ [0,∞) loss function, e.g. `(f(x),y) = (y− f(x))2.

Problem: minimize
L(f) = E[`(f(X), Y)],

given only (x1,y1), . . . , (xn,yn) ∼ P
n.
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ERM and its excess risk

ŵθ = argmin
‖w‖6θ

L̂(fw), L̂(f) =
1

n

n∑
i=1

`(f(xi),yi)

f̂θ = fŵθ

Excess risk

L(f̂θ) −minL(f)
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Error decomposition

Population algorithm

fθ = fwθ , wθ = argmin
‖w‖6θ

L(fw)

L(f̂θ) −minL(f) = L(f̂θ) − L(fθ)︸ ︷︷ ︸
Estimation error

+L(fθ) −minL(f)︸ ︷︷ ︸
Approximation error
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Approximation error

Assume
|`(y, f(x)) − `(y, f(x))| 6 C`|f(x) − f

′(x)|

Lemma
Let L(f∗) = minL(f), then

L(fθ) −minL(f) 6 C` min
‖w‖6θ

‖fθ − f∗‖L1(P)

Proof.

L(fθ) − L(f∗) = min
‖w‖6θ

∫
(`(f(x),y) − `(f∗(x),y))dP(x,y) 6 C` min

‖w‖6θ

∫
|f(x) − f∗(x)|dP(x,y)

[Cucker, Zhou ’93]
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Universality

A model is universal if for all f∗

lim
θ→∞‖fθ − f∗‖L1(P) = 0.

e.g. Kernel methods and neural nets.

[DeVore, Lorentz ’93, Pinkus ’99]
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Smoohtness conditions

Assume
f∗ ∈ Hs,

for some smoothness class Hs. e.g. the Sobolev space Ws,2.

Approximation results ensure that

min
‖w‖6θ

‖fθ − f∗‖L1(P) . a(θ, s)

where a(θ,a) decays with θ incresing and rate depending on s, e.g. θ−s/d

[DeVore, Lorentz, ’93]
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Estimation error

Lemma
By de�nition of ERM, it holds

L(f̂θ) − L(fθ) 6 C` sup
‖w‖6θ

|L̂(fw) − L(fw)|

Proof.

L(f̂θ) − L(fθ) = L(f̂θ) − L̂(f̂θ) + L̂(f̂θ) − L̂(fθ)︸ ︷︷ ︸
60

+L̂(fθ) − L(fθ)

[Vapnilk, Chervonenkis, ’77, Gyor�, Devroye, Lugosi, ’96]
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Capacity measures

Empirical process

sup
‖w‖6θ

|L̂(fw) − L(fw)|

Lemma (Rademacher complexities)
If σi ∈ {±1},P(1) = P(−1) = 1/2, i = 1, . . . ,n (Rademacher random variables), then

E

[
sup
‖w‖6θ

|L̂(fw) − L(fw)|

]
6 2C` E

[
1

n
sup
‖w‖6θ

n∑
i=1

σifw(xi)

]
︸ ︷︷ ︸

Rademacher complexity

,
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Capacity measures for linear models

fw =

∞∑
j=1

wjφj

Lemma
If

sup
x

|

∞∑
j=1

φj(x)|
2 6 κ2

then

E

[
1

n
sup
‖w‖6θ

n∑
i=1

σifw(xi)

]
6
θκ√
n

Results for nonlinear models can be similarly derived.
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The bias-variance trade-off

L(f̂θ) −minL(f) .
θ√
n

+ a(θ, s)

 

Idiom
i.se

θ∗ = θ(s,n) =⇒ L(f̂θ∗) −minL(f) . ε(n, s)

where ε(θ,a) decays with n increasing and rate depending on s, e.g. n− 2s
2s+d
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Outline

The paradigm of learning from examples

Statistical learning theory (and optimization)

A theory crisis?
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(a) Inception on ImageNet (b) Inception on CIFAR10

Figure 2: Effects of implicit regularizers on generalization performance. aug is data augmentation,
wd is weight decay, BN is batch normalization. The shaded areas are the cumulative best test ac-
curacy, as an indicator of potential performance gain of early stopping. (a) early stopping could
potentially improve generalization when other regularizers are absent. (b) early stopping is not nec-
essarily helpful on CIFAR10, but batch normalization stablize the training process and improves
generalization.

performance, but even with all of the regularizers turned off, all of the models still generalize very
well.

Table 2 in the appendix shows a similar experiment on the ImageNet dataset. A 18% top-1 accuracy
drop is observed when we turn off all the regularizers. Specifically, the top-1 accuracy without
regularization is 59.80%, while random guessing only achieves 0.1% top-1 accuracy on ImageNet.
More strikingly, with data-augmentation on but other explicit regularizers off, Inception is able to
achieve a top-1 accuracy of 72.95%. Indeed, it seems like the ability to augment the data using
known symmetries is significantly more powerful than just tuning weight decay or preventing low
training error.

Inception achieves 80.38% top-5 accuracy without regularization, while the reported number of
the winner of ILSVRC 2012 (Krizhevsky et al., 2012) achieved 83.6%. So while regularization is
important, bigger gains can be achieved by simply changing the model architecture. It is difficult
to say that the regularizers count as a fundamental phase change in the generalization capability of
deep nets.

3.1 IMPLICIT REGULARIZATIONS

Early stopping was shown to implicitly regularize on some convex learning problems (Yao et al.,
2007; Lin et al., 2016). In Table 2 in the appendix, we show in parentheses the best test accuracy
along the training process. It confirms that early stopping could potentially

1 improve the general-
ization performance. Figure 2a shows the training and testing accuracy on ImageNet. The shaded
area indicate the accumulative best test accuracy, as a reference of potential performance gain for
early stopping. However, on the CIFAR10 dataset, we do not observe any potential benefit of early
stopping.

Batch normalization (Ioffe & Szegedy, 2015) is an operator that normalizes the layer responses
within each mini-batch. It has been widely adopted in many modern neural network architectures
such as Inception (Szegedy et al., 2016) and Residual Networks (He et al., 2016). Although not
explicitly designed for regularization, batch normalization is usually found to improve the general-
ization performance. The Inception architecture uses a lot of batch normalization layers. To test the
impact of batch normalization, we create a “Inception w/o BatchNorm” architecture that is exactly
the same as Inception in Figure 3, except with all the batch normalization layers removed. Figure 2b

1We say “potentially” because to make this statement rigorous, we need to have another isolated test set and
test the performance there when we choose early stopping point on the first test set (acting like a validation set).
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Explicit regularization

min
‖w‖6θ

L̂(fw) ŵθ,t+1 = Pθ

(
ŵθ,t − γt∇L̂(fŵθ,t)

)

Implicit regularization

ŵt+1 = ŵt − γt∇L̂(fŵt)

Can we characterize f̂t = fŵt
L(f̂t) − L(f∗)

25
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Inexact optimization with linear models

If fw =
∑∞
j=1w

jφj, ` convex and

wt+1 = wt − γt∇L(fwt),

then for ft = fwt
L(ft) − L(f∗) 6 δt.

Idea: consider
ŵt+1 = ŵt − γt (∇L(fŵt) + et))

with
et = ∇L̂(fŵθ,t) −∇L(fŵθ,t).

[Rockafellar, ’76, Salzo, Villa ’11, Schmidt, Le Roux, Bach ’11]
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Excess risk control with inexact gradient

Lemma

L(f̂t) − L(f∗) 6 δt +
t∑
j=1

〈
et, f̂t − f∗

〉
.

Need to control:
I gradient error et,
I path (f̂j)j around f∗.
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Gradient concentration

E

[
sup
‖w‖6θ

‖∇L̂(fw) −∇L(fw)‖

]
.

θ√
n

Path control
For j .

√
n

‖f̂t − f∗‖ . ‖f∗‖.

[Stankewitz, Mücke, R. ’21, see also Lin R. ’17]
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Excess risk control with inexact gradient

Theorem (Stankewitz, Mücke, R. ’21)
] For t .

√
n,

E
[
L(f̂t) − L(f∗)

]
.

1√
n

Same as explicit regularization: implicit regularization a new algorithmic idea1.

1In inverse problem the idea is known since the ’50s as iterative regularization 29



”Looking for the lost keys under the lamp, because that’s where the light is.”, Yann Lecun
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I Can we explain the lack of variance? Learning & interpolation?

I Are linear model of any practical use?

I Can linear model explain deep learning?
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ML meets large scale computing

Scalable implementations needed 7→ FALKON

Function Falkon(X ∈ Rn×d, y ∈ Rn, λ,m, t):
Xm ← RamdomSubsample(X,m);
T , A← Preconditioner(Xm, λ);
Function LinOp(β):

v← A−1β;
c← k(Xm,X)k(X,Xm)T−1v;
return A−>T−>c+ λnv;

rhs← A−>T−>k(X,Xm)y;
β← ConjugateGradient(LinOp, rhs, t);
return T−1A−1β;



Kmm




T

tril(Kmm)




T

1
m
TTT + λI




T

AT

Cholesky

Matrix multiply

Cholesky

[Meanti, Carratino, R., Rudi ’20, Meanti, Carratino, De Vito, R. ’21 ]
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Efficient linear models in practice: HEP

[Wulzer, D’Agnolo ’18]

6 8 10 12 14

Zid

1

0

1

2

3

Z o
bs

HIGGS (21d)
Falkon
Neural Net

[Letizia et al. ’21]
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Efficient linear models in practice: vision

f(x) = 〈w,Φ(x)〉 , x 7→ ΦL︸︷︷︸
E�cient linear learning

◦ΦL−1 · · · ◦Φ1(x)︸ ︷︷ ︸
Pre-trained layers

[Alfano, Pastore, Odone, R. ’21]
34



Wrapping up

I A guided tour of statistical learning theory
I Statistics and optimization under the lens of linear models
I Modern gist to classic ideas (hopefyully!)

What’s next?
I Data driven + mechanistic modeling
I E�cient implementation for other loss functions.
I Random projections+ multiscale approaches [Chen, Avron, Sindawhani ’16].

PhD/Postdoc positions available!
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